
Topic 3-Esystems oflinear equations



HW QSpic stems of linear

equations

: A linear equation
in the

-
is an

ariables
Xi , Xegoos

Xn

equation
of the form

a
,
X ,
+ Ann

+ 00 + anXn
=
b(A)

Where A
92 ,

000,
An
,
b are

constant
real numbers

.

of the

Thetion
space

above equation
(*)

consists
n
I

of the
set of

all (x ,X2
.sX

that solves
the equation .



Exi 3x - y
= 6 ②

is a linear equation
in two

sink line

is the·solutionspace



Another way to
describe the ③

solution space to
3x- y = 6

is as the following
set :

((y)(3x- y = 6 and
x, y - (R)
-

y = 3x
- 6

= (3x 6) real numbers
xER

....
x = - 1-Stab,Eil, ae&

= Ex(i) + (8))x - IR)



: Some more linear equations:

zw - z = 0

10x + 1000y + Ez
- 5w = 5

x ,
+ 10X2

- 30X3
I ↳

en-linearequations :
Some-

2y +
x= 7

5cos(x) + 37x
= 2



↳Herofmicea
⑤

the n
unknowns

Xi
,Xzg ...,

Xn
-

equations
of the

form

A
,
X

,
+A Xzt
... A , nXn

= b
,

Az , X ,
+ A2 Xzt
... Aze Xn

= be (*)
·..U...

:

Am ,
X ,
+ Ama

Xzt+
AmnXn

= br

numbeis
-

where the Az
are
constant real

The augmented
matrix for (

#) is

-
A
,
... Ain

b,

(
all

00 Azu I bz(Azu d22
: :

: O

ba

am am ...
Amn
*

Xn & represents
x !

X 2

column
column

Column thsign



⑥

The tionspace of the

system (*) consists of

all the (x , X2) ...,
Xn)

that simultaneously
solve

all m equations
.

That is ,
the common

solutions
to all
i
equations.



# system of
⑰

x +2y = 3 I m = 2
linear equations

and n= 2
Unknowns

#+ 3
= 6

Argmented
matrix

: (433136 (
xy*
-
solutionspace

:

The solution
space

for I
x + 2y

= 3

M I 6
4x + Sy just

consists
of

one potte solution
· t (30) E(- 1

, 2)
- So

spaceit
·
(3 ,0)

3)- 1,213Moso r page
(x ,y)

= (1 , 2) .

#
-

- of
4x-sosee



Ex Consider the system ④
system of m

= 2

and
x + 2y = 3 I linear equations

n = 2
Unknowns

189
= 8

(513)
me parallel .

Augmented
matrix
-->

These lines
Solution space is no

common

-- So there

solution to
the system .

- Thus, thesolutioetem

⑳

Espace ty .

We could

is emp this
represent

the
empty

-
as

set 4.
-n

#· I--

-For ·(3,0 solution space of
4x

+8y=6

-

13/2
,0 solution

space
of
X+
(y=3



# ④

x + 2y =
3 linem equations

4x + 8y
= 12Jesteofe-

matrix
-

Solution space

Solution space system
is the

line

-
x + 2y

= 3 ,
or

M

2(5)/ * )
=
·(3,

03
= 2(3-23)/ye (R)

solutionsboth-

- for
-

+
2y =3

and

- (d
It's

I
the same

I
↓) o 3

4x
+8y=12

W

-*
line twice . infinitely⑩marymore



EX ⑭
·

-

X + y +
2z - 9 I Sse
-
37 = 1

2x

- x + 6y
- 5z = O n =3

unknowns

-

#ugmented
Matrix

(
112 I

9

2 0 - 3 I

- 1 6 -
so

no
m

u

come Polume umn

-
picture it

would be

If you
drew the

Late we
will see

three planes
in 3d .

solution
that the

E
.

E space (whichisweene/-[, 2,3) is just one point

I 1 I I (x
,y ,
z) = (1 ,

2
, 3)

(made up drawing)



Ex ⑭

system

I + 4y - zw + z
= I I methironsI 3

2x the

n = 4

14y - 12w +
7z = 0

unknowns

Augmented
matrix

I 4 - I I

2 O I OL
- W ↳

I 3 I
O 14

- 12 7
O

X Y W Z



Now we want to learn how to ⑭
solve systems of

linear equations

We will learn
a method

called

reduction.

usineliminatio eand

first
terminology

Eef: Given a system of
linear-

--

equations
there are

three operations

call elementary
row operations

that we-

They are
:

① Multiply one of
the rows/equations

a non-eno
constant .

by

② Interchange
two

rows/equations.

③ Add a
multiple of

one

row/exation
to a

different

row/equation .



Ex: (Multiply
a rowlequation by a) ⑬non-zero constant

Equation viewpoint-

+ z = 1 3R2+ R2 3X - y + z
= 1

3x - Y -> 15X + 62 = 6↳ E5X + 2z = 2
x + y + z

=
- 1

x + y +
z =

- 1

#lugmentedmatrix viewpoint

3 +11
3
- I

15 066

Isi2) ( I11 - I
I



Ex: (Interchanging two rows/equations)

viewpoint
Xz - X3

= 6
x ,
- Xz +X

= 5
R , 5> R3 2x2

= 7

2x2
I 7 -

x ,
- x2 +X

=SE [x2
- Xz = b

x3 = 1 X3 = 1

agmentedmatrix viewpoint

1 - 16

( -15 R 8 7

O
207

1
-1 SI I I I I I0 1 -16

00
00 1 I



Adding a multiple of one
EX i ( rowlequation to a different( ⑮-

row/equation

equation viewpoint
-

x - y + z
= 3

U2x + y + z = 1

y +
2z = 10

↓
3y - z

= -S
x - y + z

= 3E⑭ y + 2z
= 10

- 2R
,
+ Rz- Ra

-

- 2(X - y + z =3) q - 2R ,

+ 2x + y + z
=1) Re

x3y-z= -5 new R2



#lugmentedmatrix vierpoint

1 -1

21 1I ·, zio
&

( -
E

,
+ Ru+R

C-2 2
-2 =6) - 2R ,

+ (2111)
- Rz

-

(0 3 - 14 -5) - new Rz



The m: Applying an elementary ⑰
row operation to a system of

linear equations
does not change

space
of the system
Thesolution

Ex : augmented matrix
- -

system (iii)
1(*x- y

= 0

The solution

+
l space

for[(*) is*=E(t't3

-<



Let's apply an elementary row operation
to the system ( * ).

I - Ri+ Ru- Rz I I

->( i - 1 1 "
↑

(0-21-1)O A

(* ) I (** )

( - 1 1 - 1) = R ,

+ (1
-110) = R2W- new

Co - 2 1 - 1) Rz

(**) Corresponds to

x + y = 1E- zy = - 1



**)

=#- 2y = - 1·
⑭

is also ECE'z13.

We see that
the elementary

row

operation didn't
change

the solutions.



Ref: If a row of a matrix ⑳

does not consist entirely
of zeros

then the leading entry in that row

-

is the first non-zero
entry when

scanning from left
too right

-

5 D 2
3 ↳ row I

O O ⑪ 2 ↳ row 2Ex

(
O

O (
-row 4
- row 3A = O -31 10 L

O D O -

④
leading entry in

row
1 is

in row
I is④

leading entry

leading entry
in row

3 is ⑬
4

There is no leading entry
in row

-

since
row

4 consists

entirely of zeros
.



- 21Lef: A matrixis in
row echelon O

form three conditions
-->

are true
:

that consist

① If there are
any rows

entirely of zeros ,
then those

rows are

grouped together
at the bottom

of

the matrix.

④ In any two
consecutive rows

that

not consist
entirely

of zeros,

do in the
lower

the leading
then

occurs for
the
euty the righe

row

than the
leading entry

in the

higher
row .

of zeros, f
doesnotconsistentie
,

③ If
a
row

1

.

that row
is



Ex Qu ⑫

0 !" ②
leadingCo O ③ X * entry
in
Z[rowleadingentriee is not

This matrix
is no t

in 1

-

row
echelen

form

-
Du

I 5 107 ②1 o O I E
③

This matrix is
in row

echelon form



10Ex:

(
O

G

3 - I

( OV ⑬

O · Q O

② X

ow-> O O O O

If
O o

O

③ W&
Zeros

3 is not
to

leading entry
in row

the right
of the

leading
entry-2.

in row

not in

Matrix
is -

row
echelon

form .



⑭

ExTd2576G QX

(003
- 1 S I*& XO o o 0 O

③ V
O ④ 273

not in
row

echelen
form



EX : ⑲
-

O G O O O - I

O
! · Qo Z &fige
· O D O O 7( O

O O O

· O( & rows8 u O
of

O
O O zeros

G O O O O O

is in

Q V This matrix

② r row
echelen

form

O v3



Af: Suppose you have an augmented ⑯
matrix for a system

of linear

equations.

useelementaryvowoai
one

Suppose you

to put the

into row
echelen form .

The variable
corresponding

to (
the leading entry

calleda
[is

of a row leading ↑e

variable (or
-

irot
variable ( L

Any variable
that doesn't

occur

as a leading
variable is

free variablecalleda



# 10 13 ⑳O

( 8 ① I I 2 (O - o
o

-

left side

is in echelen
form

circled
row are

leading
variables

Suppose
this

corresponds
to

t z
= 3

XOf + z
= ZUI o = 0

0x+Oy +Oz
=0

leading valiables
are x

and y.

Free variable
is z

Free variables are
the variables

[ I
that Gren H leading

variables



Methodtosolve
a systemof linenation
---

① Use elementary
row operations to put

the left side
of the augmented

matrix for the system into row

echelen form
-

case (a)
: If one

of the exuations②
reduced

augmented
to the + O- --

corresponding
o = C

where

matrix
is

then the
system

has no
solutions

tha t the
system

and we say

is inconsistent .
-

(b) : If
case (a)

doesn't

Case

all
tyback substitutio

ie
-
occur

we
use

to find

system. ↳



To do this : ⑲

(i) Write
down the equations

corresponding to
the augmented
reduced

matrix.
for the

(ii) Solve
the equations

leading
variables.

(ii) Assign
each

free variable

a new
name

as
these

variables can
take on

any
value,

(iv) Beginning
with the

bottom

and working

last equation

reward ,
successively

equation
substitute

each

into the
equation

above
it.



EX : Solve ⑳
m

x + y + 2z
= 9 ~

2x + 4y - 3z
= 1 we wantU Ea I

3x + by
- 5z = O here

- make these
into Zeros(ii)2 H

8
- zR ,

+ R2+ Rz
O
I

3
6 --->'

-2-41 - 18) = - 2R ,

+ (2 ↳ -3/1) - R2

- new
R2

Co 2 - 7) - 17



⑭
I I

I( O -.3

4 -n(t- 3R , + R3+ R3 [03 - 1 -27

-

( 3 - 3
- 61 - 27) -

-3R ,

+ (36
-S)0) + Ra

-

ameri-
(0 3

- 1

& R2+ Re (i =->
O 3

- 1 - 27O
X make thisLzero



I

o
!(03 - 1 I - 27( i

- 3Rz+ R3 -> R3
↓

En(0 -3E/E)7
- 3R2

+ (03 -11 - 27) - R)

To-21 -=) & new
Rs

- 2R3 -> Ra (ii)>

O O 13
-

left side is in

row echelon form



Now turn the reduced matrix ⑮
back into exuations.

leading

Q+ y + 2z
= 9 Q variables

⑨- Ez =
- 17 ② are X , y ,

z

EW .
There are no

z = 3 O freeO variables

Solve in terms of leading
variables.

X = 9 - y - 2z
④

- 17 ②
- >zy = z
+↳③

z = 3

Now we
back-substitute starting

at the
last equation and

going upwards .

T



z = 3③ gives #
Linz

=

3I
② gives

-
17

- 17
+ Ez =e

+ (3)
y = E

-- 2
-

ESo, y
= 2

T① gives

x = 9
- y

- 2z

= q - 2
- 2(3) = 1

So
Thus
,

the only solution
to

is
the systemO

x = 1

W (,
2
,
3)

y = 2 or

z = 3



Let's check the answer to make
sure
it works

OriginalESystem
1 + 2 + 2(3)

=9/
x +y +

2z = q 32( + 4(2) - 3(3) = )V2x + 4y
- 3z = 1

3x +6y - 5z
=03(1 + 6(2)

- 5(3) = Ov

z= 3 Works

This is the only solution (* )Eto the system.

There is no
other-solution



EX : Solve ⑲
-

- 2b + c = 1
&

3a + 6b - c =
- 2W6a + 6b + 3 = 5 here-

0 -23
(
8 I - I(3 G

6 G 35

R , =>
Rz

- 2
- (6-3ohere

)0 - 2⑭ (C663
12

-

- 2/3
- 6R

,
+ Rz + R3 ( 0 -23 I I (-->

0 -69 9



I 3 ⑭
O - 2 3 I( E I (O - 6 99

-> O I
- 3/2

- ERz + Rz

( O ⑯ / - "

2i -3)ee
I 2 - 1 - 2/3
*B

-> Rs
o 1

- 3/ - Y2( I I
G · 06
-
this left

side is in

row echelen

for m

Now we turn it
back

into equations.



We get ⑲
a + 2b

- c =

- 2/3

b - 3/2c =
- 2W0 = 6 -

d
Since we have

0 = 6 in the
last

tells
equation this

that the originalUS

system
is

sistent

are
there

that is

Resolutions
to the system.



#: Solve ⑲
5x

,
- 2x2 + 6xx

= 0

E- 2x ,
+ x2 + 3x3

= 1

- put aC
5 - 2E

fe I
: /i)

I here

1012(2)2R+ R ,
R , (X-° -2131

Y T

could have
~

makethisa

↳
E

instead
done

5R ,+ R ,

! is2R ,
+ R2+ Ra (
-

I-->
this left

side

is in row echelor
form



Turn it back into equations. ④
XI=

20

OfX2 + 27 X3 =5

leading variables are
X
,
Xz .

free variable is X3

Solve in terms of leading
variables .

X
O

②
Xz = 5

- 2πX -

free variables a
new name.

Give the

Let
Now backsubstitute .



② gives xz = 5 - 27X3 3x
④

X2= 5
- 27 tE &
E

④ gives X ,
= 2 - 12 X3

A
--

e
x ,
= 2 - 12t where

t can

x2 = 5
- 27t

ba any

X 3
= t real number

Solutions
,
for example

Infinitely many
t = 0

t = 1 -
-

x ,
= 2- 12

= - 10 x ,
= 2
- 0 = 2

x2
= S - 27

=
- 22

x2
= 5 - 0

= S

x3
= 1 X3 = 0



Ex Solve ⑭

x
,
+ 3x2 - 2x3 + 2Xs = O

2x
,
+ 6x2

- 5x
- 2xy + 4Xs

- 3X6 = - 1↳+ 15X6 = S
5x3 + 10x4

2x ,
+ 6x2 + 8X4 + 4x , + 18X

= 6

⑭ Thesezew s

already

w- 2 Oge
e- -: Od

-
2R ,
+RitR

13
- 2 0 2 I

00
- 1

- 2 0 - 3

o Is S->No si % I84186
Z 6 O



I 3 - I 02 o O ⑭

Ry (00G
-20 - 3 I - I(O O e 5 100 IS 5

· of480186
thisa 1
13 - 2

- R2-> Rz ① I( si is-> O O E 80186O O 4

&

Thesezes
I 3 -202

- SR2+ R3 - R3
O o I

>° ( O · 08 : /)- YR2+ Ry + Ry O 00006
2

Rz< Ry (!-> O O O O

O O O O ope O

hisa 1



-R3 + R3
13 - 2 0

200 ⑭
O 0 203

-
O O O 0 0 1 3(
o O O o o O I O(
-

this left side is

in row echelen form

Turning this back into equations
gives :

⑭+ 3 X2 - 2x3
+ 3x6 = 1

X 3tex
= 0

O
O= 3X6

0 = 0

thelast equation
leading variables

are Xi ,
XasX 6

free variables
are X2 , X4 ,

Xs



-olvefor the leading variables : ⑭
x

,
=
- 3x2 + 2x3

- 2Xs Q

2x+ - 3x6 ②

X6 = 3
③

Evethe free variables
a new name

:

X- = t

X4 = H

Xs = N

Rack
substitute :

Y3W③ gives
X>
=

② gives X3
= 1-2xy

- 3X6

= 1 - 2u
- 3(5) =

- Zu

=
-

ZUEX 3



① gives
⑭

x
,
=
- 3x2 + 2xz

- 2xs

=-3t + 2)
-2u) - zw

=
- 3A - Yu-Zw

Ex , = - 3A - 44- Zw

Solutions :
-

X ,
=
- 3t -Yu-

Zw

x 2
= t

x =
-Zu whereE3 A, u ,

and w

xy
= U

can
be any

= W real numbers
Xs

x
= 3



So we have an infinite number ⑰
of solutions.

For example ,
if

and w = O

t = 2 <
u =
- 3
,

then

x ,
=
- 3(2) - 4( 3)

- 2(0) = 6

- Z
* z
-

x3 =
- 2) - 3) = 6

xy
=
- 3

Xc =
0

x
= 3

is one
of the infinite

number

of solutions
.



⑲

m A system of linear

equations
has eitherWSi) no
solutions

(ii) exactly
one solution

or (vil
infinitely many

solutions


